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Abstract. We compute the infinitesimal deformations of the restricted Me- 
hkian Lie algebra in characteristic 5. 



1. Introduction 

The restricted Melikian Lie algebra M is a restricted simple Lie algebra of di- 
mension 125 defined over the prime field of characteristic p — 5. It was introduced 
by Melikian jMELSOj and it is the only "exceptional" simple Lie algebra which 
appears in the classification of restricted simple Lie algebras over a field of charac- 
teristic p 7^ 2, 3 (see |BW88| for p > 7 and [PSOT] for p = 5, 7). The classification 
problem remains still open in characteristic 2 and 3, where several "exceptional" 
simple Lie algebras are known (see jSTR04[ page 209]). 

This paper is devoted to the study of the infinitesimal deformations of the 
restricted Melikian Lie algebra. The infinitesimal deformations have been com- 
puted for the other restricted simple Lie algebras in characteristic p > 5. Rudakov 
f |RUD7l] ) proved that the simple Lie algebras of classical type are rigid, in analogy 
of what happens in characteristic zero. On the other hand, the author computed the 
infinitesimal deformations of the four families (Witt-Jacobson, Special, Hamilton- 
ian, Contact) of restricted simple algebras of Cartan-type (see [VlVlj and |VIV2j ). 
showing that these are never rigid. 

By standard facts of deformation theory, the infinitesimal deformations of a Lie 
algebra are parametrized by the second cohomology of the Lie algebra with values 
in the adjoint representation. Assuming the notations from sections 2 about the 
restricted Melikian algebra M as well as the definition of the squaring operator Sq, 
we can state the main result of this paper. 

Theorem 1.1. The infinitesimal deformations of the Melikian algebra M are given 
by 

2 2 

H\M,M) = (Sq(l))f.0(Sq(A))F0(Sq(A))F. 

1=1 i=l 

The strategy of our proof consists in exploiting the Hochschild-Serre spectral 
sequence relative to the subalgebra of negative elements of M . A similar strategy 
has been used by Kuznetsov (^KUTQOj) in order to prove that the Melikian algebra 
does not admit filtered deformations. As a byproduct of our proof, we give a new 
proof (see Thcorcm l3.ip of the vanishing of the first cohomology group of the adjoint 
representation ([KUT90, Prop. 2.2.13]). 

The referee suggested another possible approach to prove the above Main Theo- 
rem. Namely, the restricted Melikian algebra M can be realized as a subalgebra of 
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the restricted contact algebra K{5) of rank 5 (see [MELSOj ) in such a way that the 
negative elements of M coincide with the negative elements of K{5). This allows 
to reduce the above result to the analogous result for the contact algebras (see 
[VIV2] 1. 

The paper is organized as follows. In Section 2 we recall, in order to fix the 
notations, the basic properties of the restricted Melikian algebra, the Hochschild- 
Serre spectral sequence and the squaring operators. In Section 3 we prove that 
the cocycle appearing in the Main Theorem 1 1.1 1 are independent in H^{M, M) and 
we outline the strategy to prove that they generate the whole second cohomology 
group. Each of the remaining four sections is devoted to carry over one of the four 
steps of this strategy. 

The result presented here constitute part of my doctoral thesis. I thank my 
advisor prof. School for useful advices and constant encouragement. I thank the 
referee for useful suggestions that helped to improve and clarify the exposition. 

2. Notations 

2.1. The restricted Melikian algebra M. We fix a field F of characteristic 
p = 5. Let A{2) ~ F[xi, X2]/ {xi, X2) be the F-algebra of truncated polynomials 
in 2 variables and let W{2) = Deri?A(2) the restricted Witt-Jacobson Lie algebra 
of rank 2. The Lie algebra W{2) is a free A(2)-module with basis Di :— and 

D2 ■= gf^- Let W{2) be a copy of W{2) and for an element D e 14^(2) we indicate 

with D the corresponding element inside W{2). The Melikian algebra M is defined 
as 

M = Ai2) ®W{2) ®Wi2), 
with Lie bracket defined by the following rules (for all D,E E W{2) and /. g G 
A{2)): 

' \D,E\ := [ZV£?] + 2div(i:))i?, 
\D,!\ ■.^D{f)~2dw{D)f, 

< [fiDi + f2D2,giDi+ g2D2] := /152 - /251, 
[f-E] -.^fE, 

^ [f,g] := 2 {gD2{f) - fD2{g))D, + 2 {fD,{g) - gD,if))D2, 

where div(/i£)i + f2D2) £)i(/i) + £'2(/2) e A{2). The Melikian algebra M is 
a restricted simple Lie algebra of dimension 125 (see |STR04[ section 4.3]) with a 
Z-grading given by (for all D,E e 1^(2) and / G A(2)): 

'degMiD) -.^SdegiD), 

< degM(^) :=3deg(^) + 2, 

^degM(/) :=3deg(/)-2. 

The lowest terms of the gradation are 

M_3 ^ FD1 + FD2, M_2 = F-1, M_i ^ FD1 + FD2, Mo^ ExiDj 

»,i=i,2 

while the highest term is M23 = xfx^(FDi + FD2). Moreover M has a Z/3Z- 
grading given by: 

M-:=A{2), M-^:=W{2), A% := 1^(2). 

The Melikian algebra M has a root space decomposition with respect to a canonical 
Cartan subalgebra. 
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Proposition 2.1. (a) Tm ■— {xiDi)p © {x2D2)f is a maximal torus of M 
(called the canonical maximal torus). 

(b) The centralizer of Tm inside M is the subalgebra 

Cm = Tm © {xIxDf ® {x\xIDi)f® {x\x'^D2)f, 

which is hence a Cartan subalgebra of M ( called the canonical Cartan sub- 
algebra). 

(c) Let $M •= HomF5(©^^j^(a;iDi)Fg,F5) where F5 is the prime field of F. 
There is a Cartan decomposition M — ©^g^^^^ M^, where every summand 

has dimension 5 over F. Explicitly: 

x"" G Ajf(£(j_2^a2-2): 
X°-Di G M(£,^^2-i5ii,a2+2-(52i)- 

In particular, if E ^ Afj^^ ^^) then degE = 3(0i + (/>2) mod 5. 
Proof See |STR041 section 4.3]. □ 

2.2. Cohomology of Lie algebras. If g is a Lie algebra over a field F and M 
is a g-modulc, then the cohomology groups H*[q,M) can be computed from the 
complex of n-dimensional cochains C"(0,M) (n > 0), that are alternating n-linear 
functions / : A"(g) ^ M, with differential d : C"{q, M) C"+i(fl, M) defined by 

n 

df{ao, . . . ,cr„) =^(-l)Vi • /(fJo, . ,cr„) + 

(2.1) 

^(-l)P+«/([crp,(Tq],(To, ... ,cfp, ... ,cfq, .. .f7„) 
p<q 

where the sign " means that the argument below must be omitted. Given / £ 
C"(g,M) and 7 G g, we denote with f^ the restriction of / to 7 G g, that is the 
element of C"~^(g, M) given by 

fy{(JO, ■ ■ ■ , (Jn-l) := fh, Co, • • • 7 C^n-l)- 

With this notation, the above differential satisfies the following useful formula (for 
any 7 G and / G C''{g, Mj): 

(2.2) d(7./) = 7.(d/), 

(2.3) (d/)^-7-/-d(A), 
where each C"^(£|, M) is a g-module by means of the action 

n 

(2.4) (7./)(cri,...,cr„) = 7 ■ /((Ti, . . . ,(T„) -^/(di,-- - ,h,(Ti\,...an). 

As usual we indicate with Z"{g, M) the subspace of n-cocycles and with B"{q, M) 
the subspace of n-coboundaries. Therefore H^^{g,M) := Z^{g, M)/ B"-{q, M). 

A useful tool to compute cohomology of Lie algebras is the Hochschild-Serre 
spectral sequence relative to a subalgebra. Given a subalgebra t) < g, one can 
define a decreasing filtration {F^C^'ig, M)}j=o, -- .n+i on the space of rt-cochains: 

FJC"(0, M) = {/ G C"(0, M) I /(ai, . . . , an) = if ai, • • • , G [)}. 

This gives rise to a spectral sequence converging to the cohomology H"{g,M), 
whose first level is equal to (see }HS53p : 

(2.5) = H'^it), CP(0/1), A/)) =^ i/f+«(0, M). 
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In the case where f) is an ideal of g (which we indicate as [) < g) the above spectral 
sequence becomes 

(2.6) iJf-'^ = i7P(0/f), H^H),M)) =^ HP+\q, M). 

Moreover for the second page of the first spectral sequence (|2.5p . we have the 
equality 

(2.7) £;f'"=iI''(0,f);M), 

where iJ*(0,f);M) are the relative cohomology groups defined (by Chevalley and 
Eilenberg |CE48j ) from the sub-complex CP(0,f);Af) C (7^(0, M) consisting of 
cochains orthogonal to f), that is cochains satisfying the two conditions: 

(2.8) /|^ = 0, 

(2.9) d/||, = or equivalently j ■ f = for every 7 e f). 

Note that in the case where f) < 0, the equality (|2.7p is consistent with the second 
spectral sequence (12. 6p because in that case we have HP{q, f), M) = HP{Q/t), M^). 

Suppose that a torus T acts on both g and M in a way that is compatible with 
the action of g on A/, which means that t ■ (g ■ m) = {t ■ g) ■ m + t ■ {g ■ m) for every 
t € T, g & Q and m £ M. Then the action of T can be extended to the space of 
n-cochains by 

n 

(t • /)(cri, • • • ,cr„) ^t- f{ai,--- ,a,i) ~^f{ai, - ■ ■ ,t-ai,--- ,cr„). 

It follows easily from the compatibility of the action of T and formula 12.31 that 
the action of T on the cochains commutes with the differential d. Therefore, since 
the action of a torus is always completely reducible, we get a decomposition in 
eigenspaces 

(2.10) iJ"(0,Af) = 0i/"(0,Af)^ 

where $ = UompiT, F) and H"{s, M)^ = {[/] G H^{q, M)\t-[f]= </.(*)[/] if t G 
T}. A particular case of this situation occurs when T C and T acts on via 
the adjoint action and on M via restriction of the action of 0. It is clear that this 
action is compatible and moreover the above decomposition reduces to 

i/"(g,Af) = i/"(0,A/)o 

where is the trivial homomorphism (in this situation we say that the coho- 
mology reduces to homogeneous cohomology). Indeed, if we consider an element 
/ G Z'^{q, M)ij), then by applying formula [2. 31 with j — t € T we get 

= (d/)i = i • / - d(/o = 0(t)/ - d(/0, 

from which we see that the existence of a t G T such that (/)(t) 7^ forces / to be a 
coboundary. 

Now suppose that g and M are graded and that the action of g respects these 
gradings, which means that Qd ■ C Md+e for all e,d > 0. Then the space of 
cochains can also be graded: a homogeneous cochain / of degree d is a cochain such 
that /(gei X • • • X 0e^) C M^f,.^d- With this definition, the differential becomes of 
degree and therefore we get a degree decomposition 



(2.11) 



i7"(0,Af) = 0i7"(g,A/),. 
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Finally, if the action of T is compatible with the grading, in the sense that T acts 
via degree operators both on g and on Af , then the above two decompositions [^.101 
and 12.111 are compatible and give rise to the refined weight-degree decomposition 

(2.12) i/"(0,M) = 00if"(0,M)^,rf. 

We will use frequently the above weight-degree decomposition with respect to 
the action of the maximal torus Tm C Mq of the restricted Melikian algebra M 
(see Proposition [TT]). 

2.3. Squaring operation. There is a canonical way to produce 2-cocycles in 
Z'^{q,q) over a field of characteristic p > 0, namely the squaring operation (see 
[GER 64 ) . Given a derivation 7 e Z^{q, g) (inner or not), one defines the squaring 
of 7 to be 

(2-13) Sq(7)(.,.)=g[^^||5M 

where 7* is the j-iteration of 7. In |GER64j it is shown that [Sq(7)] G H'^id, fl) is an 
obstruction to integrability of the derivation 7, that is to the possibility of finding 
an automorphism of g extending the infinitesimal automorphism given by 7. 

3. Strategy of the proof of the Main Theorem 

First of all, we show that the five cocycles {Sq(£'i)}i=i,2, {Sq(l)}, {Sq{Di)}i=i^2 
are independent in H'^{M, M). Observe that the first two cocycles have degree —5, 
the third has degree —10 and the last two have degree —15. Therefore, according to 
the decomposition (|2.1ip . it is enough to show that the first two are independent, 
the third is non-zero and the last two are independent in H'^{M,M). 

To prove the independence of the first two cocycles, we observe that (for i ^ j) 

(3.1) Sq{D,)[x,Dj,x,Dj)^ D,, 
while for a cochain g E C^(M, il/)o,-5 we have that 

(3.2) dg{xiDj,XiDj) = [xiDj, g{xiDj)] - [xiDj, g{xtDj)] - g{[xtDj,XiDj]) = 0, 

since g{xiDj) = by degree reasons, g{xiDj) = by degree and homogeneity 
reasons and [xiDj,XiDj\ = 0. 

The third cocyle is non-zero because 

r Sq(l)(a;,,a;,a;2A) -2A, 

jsq(l)(x,,a;3i?j) = A, 

while for a cochain g e C^(A/, Af )o,-io we have that 

J <lg{xi,Xix]Di) = -~g[xix]), 

\ dg{x,,x^Dj) = -g{x^x]). 

Finally, the independence of the last two cocycles follows from 

f ^q{D^){x^D.J,xjxJDj) = Dj, 

\^q{Di){x,D„x\x^Pj) ^Q, 

together with the fact that for a cochain g G C^(A/, Ai^)o,-i5 we have that 



(3.3) 



(3.4) 



(3.6) 



dg{xiDj,xfx'^Di) = [xiDj, g{x'fxjDj)], 
dg{xiDj,x1x]Dj) = -g{[xiDj,xlx]Dj]) = -2g{xfxjDj). 
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The remaining of this paper is devoted to show that the above five cocycles 
generate the cohomology group (M, M) , as stated in the Main Theorem If .11 
We outhnc here the strategy of the proof that wiU be carried over in the next 
sections. The proof is divided in five steps: 

STEP f : We prove in Corollary that 

7J2(M, M) = H'^{M, Af<o; M). 

STEP If : We prove in Proposition ISH that 

H^M,RUo;M) C H^{M>o,M-3), 

where M>o acts on A/_3 = {Di, D2)f via projection onto M>o/M>i = Mq followed 
by the adjoint representation of Mq onto M_3. 
STEP Iff : We prove in Corollary O that 

2 

H\M>o,M-3) C 0(Sq(A)};^0i/2(M^^^M_3)Mo^ 

1=1 

where M>i acts trivially on M_3. 

STEP IV : We prove in Proposition ITU that 

2 

H'{M>,,M^,f'« = 0(Sq(A))F0(Sq(l))i.. 

1=1 

As a byproduct of our Main Theorem, we obtain a new proof of the following 
result (; |KUT9ni Prop. 2.2.13], see also [STR,041 chapter 7]). 

Theorem 3.1 (Kuznetsov). H^{M,M) = 0. 

Proof. The spectral sequence (|4.1|) . together with Proposition 14. H gives that 

i/i(M, M) = eI'° = H^{M, M<o; M). 

The Proposition Ogives that H^{M, Af<o; M) C H^{M>o, M^^). Using the spec- 
tral sequence (j6.1|) , together with Propositions 16.11 and 16.21 we get the vanishing of 
this last group. □ 

4. Step I: Reduction to Af<o-RELATivE cohomology 

In this section, we carry over the first step outlined in section 3. To this aim, 
we consider the homogeneous Hochschild-Serre spectral sequence associated to the 
subalgebra A^<o < M (see section 2.2): 

(4.1) {El^% = H%M^o, C"^(A//A//<o, Af ))o ^ H-+'{M, A/)o - H-+'{M, M). 

We adopt the following notation: given elements Ei, - ■ ■ , E„ £ Ajf<o and G G Af 
we denote with 6^_^ ... the cochain of C"(Af<o, Af) whose only non-zero values 
are 

<5fi,...,£;„(£'a(i),--- ,E„{n)) = Sgn(CT)G', 
for any permutation a E Sn- 

Proposition 4.1. In the above spectral sequence we have 

{El^%^{El%,^Q. 

Proof. Consider the Hochschild-Serre spectral sequence associated to the ideal 
A/_3 <] A/<_2: 

(4.2) El^' = i/'-(Af<_2/Af_3, if'(M-3, M)) ^ i/'^+^(Af<_2, Af). 
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The lowest term M_3 = {Di,D2)f acts on M = A{2)®W{2)®W{2) via its natural 

action on A{2) and via adjoint representation on W{2) and W(2). Hence, according 
to IVlVll Prop. 3.4 and Cor. 3.5], we have that (for s = 0, 1, 2) 

f M<o if s = 0, 

{SDf^S^j^f)^ ifs = l, 



GeAf<o 



{SXfjF ifs = 2. 

, GeAf<o 

Moreover M<_2/Af_3 = (1) p acts on the above cohomology groups H'^{Mq, M) via 
its adjoint action on Af<o = (1) ® (-Di, -D2) © (-Di, D2), that is 

[1,1] ==0, [1,A] = 0, [1,A] = A. 

Hence, using that the above Hochschild-Serre spectral sequence ()4.2p is degenerate 
since M<_2/A^-3 = (1)f has dimension 1, we deduce that 

r Af_3 e A/_2 if s = 0, 

{st^€f)F (<5f)F if.s = l, 



K\T> if ^ = 2. 

Finally consider the homogeneous Hochschild-Serre spectral sequence associated 
to the ideal A/<_2 < Af<o: 

(4.3) (S2''')o = H-(M<o/M<-2,H'{M<^2,M))o H^'+^M^o, M)o. 

From the explicit description of above, one can easily check that the only non-zero 
terms and non-zero maps of the above spectral sequence that can contribute to 
i/"(Af<o, M)o for s 1, 2 are 

1=1 1=1 

where the maps are given by the differentials. Using the relation [Di,D2] = 1, it 
is easy to see that all the above maps are isomorphisms and hence the conclusion 
follows. □ 

In the next Proposition, we need the following 

Lemma 4.2. We have that 

k,h i^j 

Proof. From the (non-homogeneous) Hochschild-Serre spectral sequence associated 
to the ideal Af<-2 < M^q: 

{e;^') = H'-{M^o/M<^2,H'{M<^2,M)) ^ H^+'{M<^,M), 
we deduce the exact sequence 
^ H^{M^Q/M<^2,M^''i-^-) H^(M<Q,M) iJi(Af<_2, M)*^<"/^^^-2 

H2(Af<o/Af<_2,M*^^-^). 
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Using the computation of H^{M<^2, ^1) for s = 0, 1 from the Proposition l4.11 it is 
easily seen that 



i?i(M<o/M<_2,M^^-^) = 
i/2(M<o/Af<-2,M*^2-^ 



W))f ' 
0(4''^>Fe(<5i)F, 

h,k 



Using the relation [Di.D^] — 1, it's easy to see that d{5\) = which gives 

the conclusion. □ 

Proposition 4.3. In the above spectral sequence we have that (£"2^)0 = 0. 

Proof. We have to show the injectivity of the level 1 differential map 



d : {El% 



In the course of this proof, we adopt the following convention: given an element / 6 
Ci(M<o, C^(A//Af<o, A/), we write its value on £) e Af<o as fo & C"*(Af/Af<o, A/). 

We want to show, by induction on the degree of i? G M/M^q, that if [df] = 
£ i/^(Af<o, C^(Af/Af<o, AT)) then we can choose a representative / of [/] G 
i?i(M<o,Ci(Ai"/A^<o,Af)) such that JoiE) = for every D S Af<o. So suppose 
that we have already found a representative / such that foiF) = for every 
F e M/M^o of degree less than d and for every D £ A/<o. First of all, we can find 
a representative / of [/] such that 

2 

= fori = 1,2, 

i=i 

(*) lhiE)=0, 

/5;(i?)=/3iD2+7A, 
J5;(i?)=/32i?l-7^2, 

for every E E AI of degree d. Indeed, by the induction hypothesis, the cocycle 
condition for /is dfD,D'{E) = [DjD'iE)]-[D' JoiE)]- f[DM']{E) for a.ny D, D' e 
Af<o. On the other hand, by choosing an clement h E (Af/Af<o, M) that vanishes 
on the elements of degree less than d, we can add to / (without changing its 
cohomological class neither affecting the inductive assumption) the coboundary dh 
whose value on E are dhD{E) — [D, h{E)]. Hence, for a fixed clement E of degree 
d, the map D ^ foiE) gives rise to an element of iJ^(Af<o, Af) and, by Lemma 
\4.'2\ we can chose an element h{E) as above such that the new cochain f = f + dh 
verifies the condition (*) of above. 

Note that, by the homogeneity of /, we have the following pairwise disjoint 
possibilities for E: 



al ^ for i = 1,2 
77^0 



E G {xjXj^i, x'j^iDj , x'^x^^^Dj^i, x'^Dj , x^Xj^iDj-^^i} , 
^ E e {xfxlDi, XIX2D2, xlx2Di, X1XID2} ■ 



Now we are going to use the condition that [df] = G (i?f'^)o, that is df = dg 
for some g G C2(Af/Af<o, Af)o. Exphcitly, for A,B e A//Af<o we have that (for 
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any D G A/<o) 

(4.4) dgoiA, B) = [D, g{A, B)] - g{[D, A],B)- g{A, [D, S]), 

(4.5) dJoiA^B) = Jd{[AB]) - [AJd{B)] + [bJd{A)] - /[d,a](S) + /[d,b](A), 

where the last two terms in the first formula can be non-zero only if [_D, A\ G Af>o 
and [D^B] e A/>o respectively, where the last two terms in the second formula can 
be non-zero only if [D,^] G M<o and [D^B] £ M<o respectively. 

Suppose first that al for a fixed j and for i = 1,2. Then it is straightforward 
to check that for each E in the above list it is possible to find two elements A,B€ 
M such that [A, B] — E, deg{B) — and A does not belong to the above list. 
Apply the above formulas for each such pair {A,B). Taking into account the 
inductive hypothesis on the degree and the homogeneity assumptions, the formula 
(|4.5p becomes 

dfoM^B) = fDA[A,B]) = JdAE) = ajxtD,, 

while the formula (|4.4p gives 

dgoM.B) = [D,,g{A,B)]~g{[D,,A\,B). 

The first term in the last expression is a derivation with respect to Di and therefore 
it cannot involve the monomial xfDj. The same is true for the second term as it 
follows by applying the formulas (|4.5p and (|4.4p for the elements a,d{Di)''{A) (with 
fc = l,---,p — 1) and B and using the vanishing hypothesis: 

d/z,.(ad(A)'(A),B) = 0, 

a5D.(ad(A)'(^),S) = [A,5(ad(A)'(^),S)] -g(ad(A)'+'(A),S). 

Therefore we conclude that =0, an absurd. The other cases f3j ^ and 7 7^ 
are excluded using a similar argument. □ 

Finally we get the main result of this section. 

Corollary 4.4. We have that 

H'^{M, M) ^ H'^{M, M<o; M). 

Proof. From the spectral sequence (|4.ip . using the vanishing of {E'^''^)q (Proposition 
liJl) and of (-Bi'^)o (Proposition [131), we get that 

H^M, M) = iEl,% = {El^\_ = H^{M, M^^-M). 

□ 

5. Step II: Reduction to M>o-cohomology 

In this section, we carry over the second step of proof of the main theorem (see 
section 3). 

Consider the action of Af>o on Af„3 = {Di,D2)f obtained via projection onto 
Af>o/Af>i — Mq followed by the adjoint representation of Mq onto A/_3. 

Proposition 5.1. We have that 

H\M, M^o; M) c H\M>o, Af-s), 
H^M, A//<o; M) C H\M>o, Af^g). 
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Proof. For every s G Z>o, consider the map 

■■ C^(M,M<o;M) ^ C^(M>o,M_3) 

induced by the restriction to the subalgebra M>o C M and by the projection 
M M/M>_2 — Af-3. It is straightforward to check that the maps (j)s commute 
with the differentials and hence they define a map of complexes. Moreover the 
orthogonality conditions with respect to the subalgebra M<o give the injectivity 
of the maps 0s. Indeed, on one hand, the condition (|2.8p says that an element 
/ £ C"*(M, M<o; M) is determined by its restriction to A*M>o. On the other hand, 
the condition (|2.9p implies that the values of / on an s-tuple are determined, up to 
elements of M^'<° = M_3, by induction on the total degree of the s-tuple. 
The map 0o is an isomorphism since 

C"(M, M<o; M) = M^^<° = M_3 = C"(A/>o, M_3). 

From this we get the first statement of the Proposition. Moreover, it is easily 
checked that if 5 G C^(M>o,M_3) is such that d^ G C^{M, M^^o] M), then g G 
C^{M, M^o; M). This gives the second statement of the Proposition. □ 

6. Step III: Reduction to A/q-invariant cohomology 

In this section, we carry over the third step of the proof of the Main Theorem 
(see section 3). To this aim, we consider the Hochschild-Serre spectral sequence 
relative to the ideal M>i < M>o: 

(6.1) E;^' = H'^iMo, H'{M>i,M.3)) i?'^+^(M>o, M_3). 

The first line £'2'*' of the above spectral sequence vanish. 

Proposition 6.1. In the above spectral sequence i6.1]} . we have for every r > 0; 

Proof. Observe that, since the canonical maximal torus Tm is contained in Mq, 
we can restrict to homogeneous cohomology (see section 2.2). But there are no 
homogeneous cochains in C^{Mq, M-3). Indeed the weights that occur in Af_3 are 
—Ci while the weights that occur in Mq are and — ej. Therefore the weights 
that occur in M^*^ have degree congruent to modulo 5 and hence they cannot be 
equal to — e^. □ 

Next, we determine the groups E^-'^ = F'-(Mo,ffi(Af>i,M_3)) for r = 1,2 of 
the above spectral sequence (16.11) . 

Proposition 6.2. In the above spectral sequence i6.1]} . we have that 

fO ifr^O, 

' \ (Sq(5;),Sq(52))F z/r = l, 

where Sq(£'i) (for i ~ 1,2) is the restriction ofSq{Di) to Mq x M2. 
Proof. Using the Lemma 16.31 below, we have that 

H\M>i,M,3) - {/ G Ci(Mi +M2,M_3) | fi^i) = -fi^2)}. 

Observe that, since the canonical maximal torus Tm is contained in Mq, we can 
restrict to homogeneous cohomology (see section 2.2). The vanishing of i?2'^ follows 
directly from the fact that there are no homogeneous cochains in C^(Mo, i?^(M>i, 
M_3)). ^ 

The elements Sq(A) for i = 1, 2 belong to H^{Mq, H^{M>i,M_3)) and are non- 
zero in virtue of the formulas p.ip and p.2p . Moreover it is easy to see that, for 
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homogeneity reasons, C"^(Mo, ff"^(M>i, M_3))o is generated by Sq{Di) {i = 1,2), 
which gives the conclusion. □ 

Lemma 6.3. [M>i,Af>i] = A/>3 + {x^i +x^2)f- 

Proof. Clearly [M>i,M>i] C M>2 and [Af>i,Af>i] r\ A'h = [Mi, Mi]. Since Mi = 

{xi,X2)f, we have that [Mi, Mi] — ([a;i, a;2])_F = {—2{xiDi + X2D2))f- Hence 
the proof is complete if we show that A'/>3 C [Af>i,A/>i]. Wc will consider the 
Z/3Z-grading on M and we will consider separately Af>3 n AIj, with z = 0, 1, 2. 

(i) M>3 n Mg C [M>i, Af>i] because of the formula [xj,x'^Di] = XjX°-Di. 

(ii) M>3 n Mj = M>4 n Mj C [Af>i, M>i]. 

Indeed, the formula [x°'Di,Xi] = (1 — 2ai)x°' shows that (with |a| > 2) 
belongs to [M>i,M>i] provided that ^ x\x\ and this exceptional case 
is handled with the formula [x\x\D2tXi\ — —2 • Ax\x\. 

(iii) A/>3 n A% = Al>5 n A% C [A//>i, Af>i]. 

Indeed, the formula [xlD^.x^-Dj] = [xjDi,x'^Dj\ + AxiX'^Dj = (a^ + 4 - 
5ij)x°-'^'^^Dj shows the inclusion for the elements of Af>5 n with the 
exception of the two elements of the form xfxjDj for i j, for which we 
use the formula [x^Dj,XixjDi] — Ax^x^^Di — 2x^x^0 j. 

□ 

Finally we get the result we were interested in. 
Corollary 6.4. We have that 



H^{M>„,M^s) C 0(Sq(A))F0i?'(A/>i,Af_3) 



Mo 



Proof. From the above spectral sequence ()6.ip , using the Propositions 16.11 and [ 
we get the exact sequence 

{Sq{Di),Sq{D2))F ^ H\M>o,M^s) ^ H^{M>i, M^^)^" , 
which gives the conclusion. □ 

7. Step IV: Computation of A/o-invariant cohomology 

In this section, we carry over the fourth and last step of the proof of the Main 
Theorem by proving the following 

Proposition 7.1. We have that 

2 

7l2(M>i, Af_3)''° = 0(Sq(A))F 0(Sq(l))i.. 

i=l 

Proof. The strategy of the proof is to compute, step by step as d increases, the 
truncated invariant cohomology groups 

Observe that if d > 23 then M>d+i = and hence we get the cohomology we are 
interested in. 

The Lie algebra M>i has a decreasing filtration {M>d}d=i,- - ,23 and the adjoint 
action of Mq respects this filtration. We consider one step of this filtration 

A/d = T-r-^ < 
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and the related Hochschild-Serre spectral sequence 

(7.1) = i^^H^ (A/.,M_3)) ^ f#^'^^-3 

We fix a certain degree d and we study, via the above spectral sequence, how the 
truncated cohomology groups change if we pass from dto d+1. It is easily checked 

that, by homogeneity, we have H'^ f M^g) ° C C2(Mi, Af_3)o = 0. Therefore, 



for the rest of this section, we suppose that d > 3. Observe also that, since Md is 
in the center of M>i/M>d+i and M_3 is a trivial module, then {Md, = 
C {Md,M^3) and M>i/]l/>d acts trivially on it. 

Consider the following exact sequence deduced from the spectral sequence (jT.ip 

\M>d' 7 \M>d+i' 



From the above Lemma [6.31 (using that d > 3), we get that the first two terms are 
equal to 

M>i \_^if M>, \_^if M>i ^ 



\M>d J \M>d+i J \M>3 + {xiDi+X2D2)f J 

and therefore we deduce that — 0. Together with the vanishing — 

proved in the Lemma 17.21 below, we deduce the following exact diagram 

Ci(Md,M_3) 



We take the cohomology with respect to Mq and use the Lemmas 17.51 17.31 and 17.41 
Observe that the cocycle inv o [— , — ] g {E}^^)^^° which appears for c? = 15 is 
annihilated by the differential of inv e {E^'^)^'^° = Ci(Mrf, M_3)*^» for d = 17. 
Moreover the element (xiDj Sij'mv) e {Mq, {Mn , M^)) does not belong 
to the kernel of the differential map 

d : H^{Mo,C\Mir,M_3)) - H\Mo,E°^') ^ H\M^,eI^''). 

Indeed the element {xiDj (5jjinv) does not vanish on Tm and the same is true for 
its image through the map d, while any coboundary of i/^(Mo, £^2 '^) must vanish 
on Tm by homogeneity. Therefore the only cocycles that contribute to the required 
cohomology group are {Sq(l), Sq(Z3i), Sq(£'2)}- □ 

The remaining part of this section is devoted to prove the Lemmas that were used 
in the proof of the above Proposition. In the first Lemma, we show the vanishing 
of the term i?^^ of the above spectral sequence (|7.ip . 

Lemma 7.2. In the above spectral sequence |y. we have E^'^ = 0. 

Proof. By definition, E^'^ is the kernel of the map 

d : {Md, Af_3) = i?2'' ^ ^2'' - {Md, M_3)) 
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that sends a 2-cochain / to the element df given by df(^E.F){G) = —f{[E,F],G) 
whenever deg(i?) + deg(F) = d and otherwise. 

The subspace of coboundaries i^-^d, M^^fj is the image of the map 



d : 



(^|l,C.(M..M_3))^C»(fii,C.(M..M_,) 



that sends the element g to the element dg given by dg^E,F)iG) = —giE.F]{G). 
Hence dg vanishes on the pairs {E, F) for which deg(_E) + deg(F) — d. 

Therefore, if an element f ^ {Md, is in the kernel of d, that is df ~ dg 

for some g as before, then it should satisfy f{[E, F],G) = for every E, F, G such 
that deg(G') = d and deg(i?) + deg(i^) — d. By letting E vary in Mi and F in 
Md-i, the bracket [S, F] varies in all Md by Lemma [6?3l (note that we are assuming 
d > 3). Hence the preceding condition implies that / = 0. □ 

In the newt two Lemmas, we compute the Afo-invariants and the first Mq- 
cohomology group of the term £"2'^ = G^{Mdj Af-a) in the above spectral sequence 

Lemma 7.3. Define inv : Mn — > M-3 by (i ^ j): 

mv{xfxjDi) = a[i)Di and mv{xjx'jDi) = a[i)Dj^ 
where = 1 or —1 if i = 1 or i = 2, respectively. Then 




ifd^n, 

otherwise. 



Proof. By homogeneity, we can assume that d = 2 mod 5. We will consider the 
various cases separately. 

d=7 Since A/y = ^(2)3 = {x\,x\x2tXix\,X2) f with weights (1,3), (0,4), 



(4,0), (3,1) respectively, a homogeneous cochain g e (Af^, Af-s)*^" can take 

: for i ^ j. \ 

= {xjDi o g){xf) — —g{3xfxj) — —SoiDj. 



the non-zero values g{xfxj) = aiDj for i ^ j. We obtain the vanishing from the 
following Afo-invariance condition 



d=12 



A homogeneous cochain g ^ G^ {M12, M-s)^ can take the non-zero 
values: g{xfxjDj) = ri^Di for i ^ j. We get the vanishing of g by mean of the 
following cocycle condition 

(7.2) = dg.^D, {xlxpj) = -2g{xfxjDj) = -2ij]D,. 



d=17 



Mn = W{2)^ = ®i^j,k{xjx']Du)F ®t^j.k {xfx^jDk) with weights - 
tj — efc and — efe, respectively. A homogeneous cochain g G C^(Afc;, Af-s)*^" can 
take the non-zero values: g{x^x^Di) — aiDi and g{xjx'jDi) — PiDj for i ^ j. The 
only Afo-invariance conditions are the following 

f {x,D, o g){x^,x*Di) = ~g{^xlx^D, - x^x^Dj) = (~4a, + /?j)A, 

{x,Dj o g)ix',x^^Dj) = [x,D,,gix^^x^^Dj)] - g{4x^,x^^Dj) = (~/3, - Aa,)D„ 

^ (xiDj o g){xlx^jDi) = (-Qfi - ifii + aj)Dj, 

from which it follows that at = Pi — ^aj = —f3j, that is g is a multiple of inv. 
d=22 Since M22 = ^(2)8 = {^1X2) with weight (2,2), there are no homoge- 



neous cochains. □ 
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Lemma 7.4. We have that 

( 2 

0(S^(A))f */d=12, 



1=1 

{xiDj I— > (5ijinv)i? if d ~ 17, 
otherwise, 



where Sq(-Di) is i/ie restriction ofSq{Di) to Mq x M12 a^c? inv : M17 is the 

cochain defined in Lemma \ 7. 3\ 



Proof. By homogeneity, we can assume that d = 2 mod 5 and consider the various 
cases separately. 



d=7 Consider a homogeneous cochain / G C^(Afo, C^(A/7, Af_3))o. By ap- 
plying cocycle conditions of the form — df(^xtDk,xiDj): it follows that fxkOk G 
C^(M7, M_3)*^o — (by the preceding Lemma). By homogeneity, / can take only 
the following non-zero values for i ^ j: fxiDj{x^) = biDi and fxiOjixiX^) = CiDj. 

By possibly modifying / with a coboundary dg (see Lenima l7.3l) . we can suppose 
that bi — bj — 0. The following cocycle condition 

= df(^x,D,,x,D,){xfxj) = [xiDjJxjoAxjxf)] - fx^D^xf) + fx,D,{2x,xj) = 

= {-Cj - bj + 2ci)Dj = {-Cj + 2ci)D,, 
gives that Cj = 2ci = Acj and hence that Ci = Cj = 0, that is / = 0. 



d=12 



First of all, the cocycles Sq(A) for i = 1,2 belong to H^{Mo,C^Mi2, 
M_3))o since they are restriction of global cocycles and, moreover, they are inde- 
pendent as it follows from the formulas p.Sp and (|3.6p . It remains to show that 
the above cohomology group has dimension less than or equal to 2. Consider a 
homogeneous cocycle / G C^(Mo, C^(Mi2, M_3))o. First of all, we observe that 
/ must satisfy fxiDi — 0. Indeed, by the formula l|2.3p . we have = d/i^..^). = 
XiDi of — d(/|a;.£).) from which, since the first term vanishes for homogeneity rea- 
sons, it follows that f\x^Di G ( Afp- 1, Af_i)*^° which is zero by the previous 
Lemma 17.31 Therefore / can take only the following non-zero values (for i ^ j): 

fx,Dj{XiX^jDj) = dyA, 

fx.DjixjxjDi) (iijD^, 
fx.D,{xtxjDj) ^ 7yA. 

By possibly modifying / with a coboundary (see formula ()7.2p ). we can assume 
that aij = 0. The coefficients are determined by the coefficients 7ij in virtue of 
the following cocycle condition: 

= df(^^D,,x,D,){xtxjDj) = fx,D,{-X^x]D.j) + fx,D,i-xtxjD,) + 

-[xjDi, fx,D, (XiXjDj)] = [-a.ij - + -fij]D.i = [-/3y -I- 7y]A- 

Therefore the cohomology group depends on the two parameters 712 and 721 and 
hence has dimension less than or equal to 2. 

Consider a homogeneous cochain / e C^(Mo, C^(Mi7, M_3))o. By 



d=17 



imposing cocycle conditions of the form = d/(a;fcDfc,a;i_Dj )) one obtains that fx^D,, G 
Ci(Mi7,M_3)^° = (inv) (by the preceding Lemma). Put fx^o^ = f^k ■ inv. By 
homogeneity, the other non-zero values of / are (for i ^ j): 

fxiDj {xfxjDi) = l^iDi, fxiD, {xfxjDj) = TiDj, fx.Dj {xfx^jDi) = GiDj. 
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By possibly modifying / with a coboundary dg, we can assume that fxiD2 — (see 
Lemma l7.3p . Considering all the cocycle conditions of the form = <if{xiD2,x2Di) = 
{X1D2 o fx2Di) - fxiDi + fx2D2, one gets 

' = df(^^^D2,x2Di)ixlxlDi) = -3t2 + 0-2 - (mi - m), 

= df(^xiD2.X2Di)ixlxlD2) = <J2 +iV2 - im - Ai2), 
dJ(x^D2.X2Di){xixlD2) = 0-2 + (mi - ^^2), 
. = df(^^^D^^^,^D^){x\xlDi) =T2-V2 + (/il - ^l2)■ 

Since the 4x4 matrix associated to the preceding system of 4 equations in the 4 
variables z^2, ^2, 172, /ii — /i2 is invertible (it has determinant equal to 2), we conclude 
that fx2Di = and fx^Di = /xaDa is a multiple of inv. 



d=22 There are no homogeneous cochains. 

□ 

In the last Lemma, we compute the Mo-invariants of the term E]^ of the above 
spectral sequence (I7.ip . In view of Lemma 16.31 and the hypothesis d > 3, we have 
that 

\{xiDi+X2D2) J 

Lemma 7.5. In the above spectral sequence |y. we have that 



(Sq(l))F lfd^6, 

otherwise, 



where Sq(l) is the restriction o/Sq(l) to Mi x Mg and inv o [— , — ] is defined by 

{inYo[-,-]){E,F) = mv{[E,F]), 
where inv : M17 — s- M_3 is f/ie Mg-invariant map defined in Lemma \7.3\ 
Proof. The term {E^^)'^''° = {E^'^)^'° is the kernel of the map 

d : [El^r'" ^ {El'Y'° - Er = ( ^,M^, 



>d 



In order to avoid confusion, during this proof we denote with df G B'^ (17^7 ' 

(instead of the usual df) the coboundary of an element f ^ C'^ (l?^' ^-s) • 

Note that Mi = {xi,X2)f with weights respectively (4,3) and (3,4) while M2/ 
{xiDi + X2D2) = {xiDi = —X2D2,xiD2,X2Di)p with weights respectively (2,2), 
(3, 1) and (1, 3). Note also that after the identification xiDi ~ —X2D2, the action 
of Mo = W{2)o on AhJjxiDi + X2D2)Js given by (forj^^^ j) [x^D ^ , x^d'^] = 0, 
[xiDj,xiDi\ = a{j)xiDj and [xiDj^XjDi] — ~2a{j)xiDi where a(j) = 1,-1 if 
respectively j = 1,2. 

By homogeneity, an A/o-invariant cochain of -^2'^ can assume non-zero values 
only on Mi x Md if d = 1 mod 5 or on A/2 x Md if d = mod 5. We will consider 
the various cases separately. 

d=5 | Af5 = W{2)^ = (BrM{xiDk) F ®k {xiX2Dk)F with weights (2, 2) -I- 2ej - 



and (3,3) — ek, respectively. A homogeneous cochain g G (eI'^)^^" can take only 



16 



FILIPPO VIVIANI 



the following non-zero values (for i ^ j): 
j g{xiDi,XiXjDi) = hiDi, 

[ g{xiDj,x]Di) = kDi, g{xiDj,XiXjDi) = rUiDj, 
Consider the following Afo-invariance conditions: 



g{xiDi,x'^jDj) = fciA, 
g{x,Dj,x'^jDj) 



TliDj. 



{xiDj o g){xjDi,x^Dj) = 2{(j{j)ki - mj)Di, 
[xiDj o g){xjDi,XiXjDi) = {2a{j)hi - n,j +mj)Di, 
[x^Dj o g){xtDj,x'^Di) = {-k - 2mi + ni)Dj, 
{xiDj o g){xjDi, XiXjDj) — {—rrij + 2a{j)hj — lj)Dj, 
{xiDj o g){xjDi, xfDi) ^ {-nj + 2a{i)kj + lj)Dj. 



From the first 3 equations one obtains that (m^-, n-,-, Ij) = a{j){ki, 2hi + ki, 2hi — ki) 
and substituting in the last two equations one finds that hi ~ hj :^ h and ki = 

Suppose now that g is in the kernel of the map d, that is dg — —df for some 
/ e C^(M>i/M>5, A/_3). Applying = dg + 5/ to the triples {xi,XjDj,XiXj) and 
{xj,XiDj,XiXj) for i ^ j, we get the two conditions 

J f{xiXjDj,XiXj) = 2a{i)g{xjDj,xfDi) = -2kDj, 

[ f{xiXjDj,XiXj) = 2a{j)g{xiDj,x'^jDj) = ~2{2h + k)Dj, 

from which it follows that h = 0. Considering now the triples {xi,XrDr,XiXj) and 
{xi, XrDr, x'j) (for i j and some r — 1,2), we get 

{f{xiXrDr,XiXj) ~ 2a{i)g{xrDr , xf Di) = 2a{i)a{r)kDj , 
f{xiXrDr,x'^) — —a{i)g{xrDr,XiXjDi — 2x^Dj) ~ 2(T{i)a{r)kDi. 

Finally, considering the triple {xi,xjDi,XiXjDi) and using the two preceding rela- 
tions, we get 

= (dg + df){xi,xlDi,XiXjDi) = f{[xlDi,Xi],XiXjDi) - f {[xiXjDi,Xi],xlD.,) = 

= '3f{xjXiDi,Xi) — f{x'^Di, XiXj) = —6kDj — 2kDj = 2kDj, 
from which it follows that fc = 0, that is g = 0. 



d=6 First of all, the cocycle Sq(l) is an element of (i?^ ) ° since it is the 



restriction of a global cocycle and is non-zero in virtue of formulas (|3.3p and (13. 4[) . 
Therefore, it remains to show that the dimension of {El^^)^^° is at most 1. Consider 
a cochain g G (i?2'^)*^°, which is in particular homogeneous. Since Mq — W(2)2 = 
(Bi^kixfDk) F ffifc {xiX2Dk) F with weights 2ei — and (1, 1) — respectively, g can 
take only the following non-zero values (for i ^ j): 



g{xi^ XiX jDij — CiDi 
g{xi,x^jDj) = diDi, 



Q{Xi , Xj^ Xj Di ) 



g{Xi^ XiXjDj) — fiDj. 

Consider the following A/o-invariance conditions: 

' = {xiDj o g){xi,x^jDi) = ~g{xi,'ix,x^jDi - x^Dj) = (-3ci -|- di)Di, 
= {xiDj o g){xi,XiX^jDi) = (-Q - 2ei + fi)Dj, 

0= {x^Dj o g){xi,x^Dj) = [xiDj,diDt] - g{xi,iXiX^jDj) = {-di - 3fi)Di, 
, = {xiDj o g){x.j,Xix]Di) = {-a - 2fj + ej)Di. 
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From the first 3 equations, one gets {fi,Ci,di) = {ci, —ei,2ei) and substituting 
into the last equation one finds Ci = ej := e. Therefore (El^^)^" depends on one 
parameter and hence has dimension at most 1. 



d=10 



A(2)4 = (Bt{xf)F {xIx,j)f {xfx]) p with wcights 

2ei — 2ej, Cj — Cj and (0,0), respectively. Consider a cochain g G [E^"^)^" . Since 
Mo acts transitively on M2, to prove the vanishing of g it is enough to prove 
that g{xiD2, —) = 0. By homogeneity the only possible non-zoro such values are 
g{xiD2,XiX2) and g{xiD2,xf) and the vanishing follows from the Mo-invariance 
conditions: 

r = ixiD2og)ixiD2,xlxl) = -g{xiD2,2xlx2), 

{0= ixiD2 g){xiD2,xlx2) = [xiD2,gixiD2,xlx2)] - g{xiD2,xf). 



i^j^k{xfx'jDk}F®ijij,k{XiXjDk)F with weights -ej 



_d=15jMi5 = W{2)5 

2ej — Ck and Se^ + 3ej — e^, respectively. A homogeneous cochain g e (^2'^)^° can 
take only the following non-zero values (for i ^ j): 

( g{xiDi,XiX^Di) =PiDi, g{xiDi,XiXjDj) = qiDi, 

I g{xiDj,XiX^Di) = nDi, g{xiDj,XiX^Di) = SiDj, g{xiDj,XiXjDj) = UDj. 

Consider the following Mo-invariance conditions: 



'0 = 


{xiDj 


og){xjDi, 


a; j Xj Dj ) — 


2{cT{j)q, - 2s,)D„ 


= 


{xiDj 


og){xjDi, 


x^xpi) = 


{2a{])p,-?,tj+Sj)D„ 


< = 


(xiDj 


og){xiDj, 


Xj^ X j Di ) 


{-r, + s,+t,)D.j, 


= 


{xiDj 


g){xjDi, 


x^ Xj Dj ) = 


{-s,+2a{j)p,-3r,)D 


.0 = 


(xiDj 


og){xjD^, 


Xj^ X j Di ) — 


i-t,+2a{j)q,+r,)D,. 



From the first 3 equations one gets that {sj,tj,rj) = <j{j){—2qi, ~pi + qi, —pi — qi) 
and substituting in the last two equations one obtains pi — pj := p and qi = qj := q. 

Suppose now that g is in the kernel of d, that is dg = —df for some / S 
C2(M>i/M>i5,M_3). Applying = d^i + 9/ to the triple {xi,XjDj,xjxjDi) for 
i j, we get 

= -f{[xi,XjDi],xfxjDi)+g{[xi,XiXjDi],XjDi) = f{xiXjDi,XiXjDi). 

Considering the triple {xj,XiDi,xfxjDi) and using the preceding vanishing, we 
obtain 

= -f{xiXjDi,XiXjDi) - g{xiDi,x'lx']Di) = -a{i)qDj, 

that is q = 0. For p = 1, one obtains that g = inv o [— , — ], which is clearly in the 
kernel of d since it is the restriction of a cocycle on M>i x M>i. 

d=16 I M16 = A{2)e = ®ijtj{xfx'^)F {x^x^f with weights 2€j and (1,1), 



respectively. A homogeneous cochain g S {E2'' ) ° can take the non-zero values 
(for i ^ j): g{xi,x^Xj) = UiDi and g{xi,Xixl) = biDj for i 7^ j. We get that 
Qi — Qj — bi = bj := a by considering the following Mo-invariant conditions: 

f = {xiDj o g){xt,xfx'^) = [xiDj^a^Di] - g{xt,4:xfx^A = (-a^ + bi)Dj, 



= {xiDj o g){xj,xfx'^j) = -gixi,xfx'^j) - g{xj,Axfx^A = (-a^ + bj)Di. 



Now suppose that g is in the kernel of the map d, that is dg = —df for some 
/ G C^(M>i/M>i6,M_3). Applying the relation = dg + df to the two triples 
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{xi,Xj,xfx'jDi) and {xi,Xj,x^x^Di) for i ^ j, we get 

f fixiDi + X2D2,x'fx'^,Di) = g{[xi,xfx'^iDi],Xj) - g{[xj,xjx]Di],Xi) = a, 

[ f{xiDi + X2l?2,a;fx|A) = g{[xi,xfx^^Di],Xj) - g{[xj,XiX^jDi],Xi) = a. 

Considering the triples {xi, xiDi + X2D2, a;fa;|_Di) and {xi, xiDi + X2D2, x\x\D2) 
and using (*), we get 

f f{xlDx + XXX2D2, xlxlDi) = -f{xiDi + X2D2,x\xIDx) - g{xi,xlxl) = -2a, 
\ /(x^I?! + xia:2i:'2, xlxlD2) ^ ~f{xiDi + X2i:'2, 2:?x^i:'2) + g{xi,xlxl) = 0. 
Finally, using the relations (**), we get the vanishing of g by mean of the following 
= {dg + df){xi,xlDi +xiX2D2,xlxl) = -f{[xi,xlDi + X1X2D2], xlxl)+ 

+f{[xi,xlxl],xlDi +X1X2D2) - g{[xjDi + xiX2D2,xlxl],xi) = 
= f{—x\x\Di + 2x\x2D2tx\Di + X1X2D2) — g{—x\x\^ xi) = —2a — a = —3a. 



d=20 



M20 = W{2)q = ®i^j,k{xjx^Dk)F with weights 6; — efe. A homogeneous 
cochain g S {eI'^)^° can take only the non-zero values g{xiDj,xfx^Dj) = XiDi. 
The vanishing follows from the Mo-invariance conditions 

~ {xiDj o g){xiDj, xfx^Dj) — ~4:g{xiDj, xjx^Dj) — XiDi. 



d=21 Since M21 W{2)r = (xtx^Di,xtx^D2) f with weights (3, 4) and (4, 3) 



respectively, there are no homogeneous cochains. 

□ 
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